International Journal of Theoretical Physics, Vol. 16, No. 6 (1977), pp. 443-445

On the Bunge-Kalnay Position Operator for the Dirac
Electron

J. L. HINDMARSH

Department of Applied Mathematics and Astronomy, University College,
P.0. Box 78, Cardiff CF1 1XL.

Received: 25 January 1977

Abstract

A similarity is noted between a constant of the motion for the Dirac equation, with position
operators as discussed by Bunge and Kalnay, and a constant of the motion discussed by
Corben in connection with a nonrelativistic spinning particle.

The Dirac Hamiltonian, H, for a free particle of mass m is
H=ca-P+pme

where the components of P are the momentum operators and § and the com-
ponents of a satisfy the usual anticommutation relations

{Oi]', ak} = 25]/([5 {aﬁ ﬁ} =0, {ﬁs ﬁ} =2

Following Bunge and Kalnay (1969), who discuss the properties of the
position operators X defined by

X = Q+ (ifi/2mc)fo

where the components of Q are the canonical position operators satisfying
the commutation relations

[P, Ox] = —ifid i, [aj, Okl =0, [8,0«] =0
we consider the family of position operators XM defined by
XN =Q + A\

The corresponding velocity operators v® and angular momentum operators
L® are defined by

v =L [ x®) LV =xX®APp
ﬁ 3 b
This journal is copyrighted by Plenum. Each article is available for $7.50 from Plenum
Publishing Corporation, 227 West 17th Street, New York, N.Y. 10011, -

443



444 HINDMARSH

We see that the angular momentum will be a constant of the motion if
VO AP=0

a condition which may be described by saying that the velocity and the mom-
entum are parallel. This condition will hold if A takes the Bunge-Kalnay value
of ifi/2mc. This is in fact the only value of A for which the velocity operators
commute with one another.

We now consider the Dirac Hamiltonian, H', for a particle in a magnetic
field described by the vector potential A which satisfies the transversality
condition that V- A = 0. We take H' to be given by

H' =ca- [P — ; A(XO‘))} + pmc?

If we write A(X™) = A(Q + MBa), expand the right-hand side as a Taylor
series in A, and ignore terms of order A2, we obtain

H‘ca{P——A(Q)}-&-ﬁ( me ——2—12—2\8 B)

where 28, = ihasa, etc., and B= VA A, Then

2 ieh

2
H?=¢? [P—»«A(Q)} — 2ceS - B+m?c* — dmc? — - S-B

where a term of order A2 has again been ignored. Now if \ takes the Bunge-
Kalnay value we obtain

2
H?=¢? [P £ A(Q)} +m2ct
C

We also note that for this value of A we retain the result that the velocity
is paralle]l 1o the momentum provided that we ignore terms of order A2,

Thus we obtain the result that when the velocity is parallel to the momen-
tum [P — (e/c) A(Q)] ? is a constant of the motion for the Hamiltonian A
More importantly it is a constant of the motion that does not contain the
operators S, which are of course related to the spin of the particle. In this
respect the result compares with a result due to Corben (1968), which asserts
that where 7t is the mechanical momentum of a nonrelativistic particle moving
in a constant magnetic field B, 7 is a constant of the motion provided that
two of the three vectors V, =, and B are parallel. If, on the other hand, no two
of the three vectors V, =, and B are parallel then 72 — 2(e/c)S - B is a constant
of the motion. The similarity does not lie in any claim that P — (e/c)A(Q) is
the mechanical momentum, smce the natural expression for the mechanical
momentum is P — (e/c)A(X™), but rather in the fact that when the velocity
is parallel to the momentum the constants of the mogion do not involve the
operators S.
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